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Modélisation des écosystèmes et des procédés

biologiques de dépollution
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The chemostat

An apparatus for the
continuous cultivation
of microorganisms or
plant cells. The nutrients
required for cell growth
are supplied continuously to the culture vessel by a
pump connected to a medium reservoir. The cells in
the vessel grow continuously on these nutrients.
Residual nutrients and cells are removed from the
vessel at the same rate by an overflow, thus
maintaining the culture in the fermenter at a
constant volume.

– p. 2/27



The inventors of the chemostat

Novick A. and Szilard L. (1950), Description of
the chemostat. Science, 112, 715-716

Monod, J., La technique de culture continue
theorie et applications. Ann. Inst. Pasteur, 79,
390-410, 1950
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Mathematical equations

{

S′(t) = D[Sin − S(t)] − kµ(S(t))X(t)

X ′(t) = [µ(S(t)) − D]X(t)

D’où proviennent ces équations ?

Que signifient les variables S(t) et X(t) ?

Qui sont les paramètres k, Sin, et D?

Qui est la fonction µ(S) ?
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Principe de fonctionnement

V : volume du réacteur (mesuré en litre, l).

Fin, Fout ; débits d’entrée et de sortie mesurés
en litre par heure (l/h).

Concentration d’entrée Sin.

S(t) et X(t) : concentrations de substrat et de
biomasse (mesurées en grammes par litre g/l)

La réaction chimique qui transforme le substrat
en biomasse est kS

r
−→ X r = µX

k est un constant stoechiométrique sans
dimension et µ est la cinétique de la réaction
qui s’exprime en 1/h.
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Loi de Antoine Lavoisier

“Rien ne se perd, rien ne se crée, tout se
transforme”

Bilan de masse entre les instants t et t + dt

La masse de substrat est V S, celle des
micro-organismes est V X (mesurées en
grammes g).

V X |t+dt −V X |t = −FoutXdt +µV Xdt

V S |t+dt −V S |t = FinSindt −FoutSdt −kµV Xdt

V |t+dt −V |t = Findt −Foutdt
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Equations du chemostat

On divise par dt

dV X
dt = − FoutX + µV X

dV S
dt = FinSin − FoutS − kµV X

dV
dt = Fin − Fout

D’où

X dV
dt + V dX

dt = −FoutX +µV X

S dV
dt + V dS

dt = FinSin −FoutS −kµV X

dV
dt = Fin −Fout
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Equations du chemostat

FinX − FoutX + V dX
dt = −FoutX +µV X

FinS − FoutS + V dS
dt = FinSin −FoutS −kµV X

dV
dt = Fin −Fout

On simplifie les termes FoutX et FoutS et on divise
par V :

dX
dt = − Fin

V X + µX

dS
dt = Fin

V Sin − Fin

V S − kµX

dV
dt = Fin − Fout
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Equations du chemostat

On note

D =
Fin

V

le taux de dilution, qui s’exprime en 1/h. On obtient

dX
dt = −DX + µX

dS
dt = D(Sin − S) − kµX

dV
dt = Fin − Fout

en “batch”: Fin = 0 = Fout. Donc D = 0

en ”fed batch”: Fin > 0, Fout = 0

en continu: Fin = Fout. Volume constant.
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Exemples de cinétiques µ

Linéaire
µ(S) = αS

Monod

µ(S) =
µmaxS

K + S

Haldane

µ(S) =
µmaxS

K + S + S2/Ki
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Batch (D = 0) et µ(S) = αS

X ′ = µ(S)X = αSX

S′ = −kµ(S)X = −kαSX

S′ + kX ′ = 0 =⇒ S + kX = L

On en déduit

X ′ = α(L − kX)X = αLX(1 − kX/L)

C’est l’équation logistique X ′ = rX(1 − X/K)
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The Verhulst or Logistic Growth

x′

x
= r

(

1 −
x

K

)

K > 0 is called the carrying capacity

r > 0 is called the maximal growth rate
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Mathematical model of the Chemostat

{

S′ = D(Sin − S) − µ(S)
Y X

X ′ = (µ(S) − D)X

S is the substrate density

X is the species density

D = Q/V is the dilution rate
Q = Fin = Fout is the flow rate and V is the
volume

Y is the yield coefficient

µ(S) is the specific growth rate of the species
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The chemostat : equilibrium point

E0 = (S = Sin, x = 0) (washout)

E∗ = (S∗, x∗), S∗ = µ−1(D) and x∗ = Y (Sin −S∗)

µ−1(D) is called the break-even concentration

E∗ exits and is stable if and only if µ(Sin) > D

A =

[

−D − µ′(S∗)x∗

Y −D
Y

µ′(S∗)x∗ 0

]

tr(A) = −D−
µ′(S∗)x∗

Y
< 0, det(A) = D

µ′(S∗)x∗

Y
> 0

Hence the eigenvalues have negative real parts
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Inhibition by the substrate

{

S′ = D(Sin − S) − µ(S)
Y x

x′ = (µ(S) − D)x

µ(S) = mS
K+S+S2/Ki

is a Haldane function

equation µ(S) = D can have two solutions
S∗

1 < S∗
2

E∗
1 = (S∗

1 , Y (Sin − S∗
1)) exists if and only if

S∗
1 < Sin. It is stable.

E∗
2 = (S∗

2 , Y (Sin − S∗
2)) exists if and only if

S∗
2 < Sin. It is unstable and E0 is stable.
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Inhibition : washout
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Inhibition : one equilibrium
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Inhibition : bistability
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Competion in the chemostat















S′ = D(Sin − S) − µ1(S)x1 − µ2(S)x2

x′
1 = (µ1(S) − D)x1

x′
2 = (µ2(S) − D)x2

Break-even concentrations : λi = µ−1
i (D)

E0 = (S = Sin, x1 = 0, x2 = 0)

E1 = (S = λ1, x1 = Sin − λ1, x2 = 0)

E2 = (S = λ2, x1 = 0, x2 = Sin − λ2)

If λ1 < λ2 then E1 is stable and E0 and E2 are
unstable
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The Competitive Exclusion Principle

If λ1 < λ2 then E1 = (λ1, Sin − λ1, 0) is a globally
asymptotically stable (GAS) equilibrium.

The solutions with positive initial conditions
converge to

S = λ1, x1 = Sin − λ1, x2 = 0

At equilibrium E1 the species x2 is excluded

the CEP is in contradiction with the
observations

The mathematical model is not good : find
mechanisms that explain the coexistence
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Hansen and Hubbel experiments















S′ = D(S0 − S) − 1
y1

µ1SN1

K1+S − 1
y2

µ2SN2

K2+S

N ′
1 = µ1SN1

K1+S − DN1

N ′
2 = µ2SN2

K2+S − DN2

S = Ji is defined by µiS
Ki+S = D

Ji = Ki
D

µi − D

If J1 < J2 then the species N1 wins the compettion
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Hansen and Hubbel experiments
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Hansen and Hubbel experiments
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Hansen and Hubbel experiments
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The Competitive Exclusion Principle
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Global behaviour

S′ = D(S0 − S) −
n

∑

i=1

aiS

bi + S

xi

Yi

x′
i =

[

aiS

bi + S
− Di

]

xi, i = 1 · · ·n.

Assume that λ1 < λ2 ≤ · · · ≤ λn. Hsu proved the
global asymptotic stability of E∗

1 using the function

V =

∫ S

λ1

σ − λ1

σ
dσ + c1

∫ x1

x∗

1

ξ − x∗
1

ξ
dξ +

n
∑

i=2

cixi,

where ci = 1
Yi

ai

ai−Di

, and x∗
1 = DY1

S0−λ1

D1

.

– p. 26/27



A text book on the chemostat

Hal L. Smith, Paul Waltman (1995),
The Theory of the Chemostat
Dynamics of Microbial Competition
Cambridge Studies in Mathematical
Biology (No. 13)
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