TEWFIK SARI
EPI MERE INRIA-INRA, Montpellier, France

& Université de Mulhouse, France.
tewfik.sari@uha.fr, tewfik.sari@sophia.inria.fr,
tewfik.sari@supagro.inra.fr

Tlemcen, 7-11/02/2010.

—-n. 1/



The chemostat
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An apparatus for the reserver o e
continuous cultivation T

of microorganisms or
plant cells. The nutrients
required for cell growth
are supplied continuously to the culture vessel by a
pump connected to a medium reservoir. The cells In
the vessel grow continuously on these nutrients.
Residual nutrients and cells are removed from the
vessel at the same rate by an overflow, thus
maintaining the culture in the fermenter at a
constant volume.
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The inventors of the chemostat

Novick A. and Szilard L. (1950), Description of
the chemostat. Science, 112, 715-716

Monod, J., La technique de culture continue
theorie et applications. Ann. Inst. Pasteur, 79,
390-410, 1950
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Mathematical equations

{ S'(t) = D[S — S@)] — ku(S(t))X(t)
X'(t) = |u(5(t)) = DIX(¢)

D’ou proviennent ces équations ?

Que signifient les variables S(t) et X(t) ?
Qui sont les parametres k, .S;,,, et D?

Qui est la fonction p(S) ?
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Principe de fonctionnement

V' . volume du réacteur (mesuré en litre, {).

F,.., F.,; : débits d’entrée et de sortie mesurés
en litre par heure (I/h).

Concentration d’'entrée S,,,.

S(t) et X(¢) : concentrations de substrat et de
biomasse (mesurees en grammes par litre ¢/1)
La reaction chimique qui transforme le substrat
en biomasse est ES — X r=uX

k est un constant stoechiométrique sans

dimension et 1 est la cinétique de la réaction
qui s’exprime en 1/h.
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Lol de Antoine Lavoisier

“Rien ne se perd, rien ne se crée, tout se
transforme”

Bilan de masse entre les instants ¢ et ¢t + dt

La masse de substrat est V.S, celle des
micro-organismes est VX (mesurées en
grammes g).

VX t4-dt —VX ’t = —Foutht + 1 V Xdt
VS t+dt -V ‘t — FmSmdt —FOUtSdt —]f,LL V Xdt
V t+dt -V ‘t — andt _FOutdt
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Equations du chemostat

On divise par dt

R = — FouX + pVX
% — Enszn — FoutS — ]{,LL VX
av
dt F’L _ Fout
D’ou
av dX __
XE -+ V% — _FoutX —|—,U VX

av as __
SW L yiS — S, —FouS —kuVX

dV
At — En —F, out
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Equations du chemostat

EnX — FoutX - V% — — outX + VX
FfmS — FoutS —+ V% — Ffmem _FoutS —]f,LL VX
Cii_‘t/ — Fm _Fout

On simplifie les termes F, ;X et F,,;S et on divise
par V:

S — Lag, — Lag _ pux

dV
ar Fm — Fout
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Equations du chemostat

On note
Fin
o
le taux de dilution, qui s’exprime en 1/h. On obtient

D —

ax _
X — DX 4+ pX

@ = D(Si,—95) — kuX
Cil_‘t/ — Fz — Fout

en “batch™ F;, =0=F,,,. Donc D =0
en "fed batch”: F,, > 0, F,; =0

en continu: F;, = F,,;. Volume constant.
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Exemples de cinétiques v

Linéaire
p(S) = s
Monod
(5) = 55
Haldane
mazo
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Batch (D =0) et u(S) = oS
X' '=p(S)X =aSX
S'=—ku(S)X = —kaSX

S+ kX' =0=S+kX =1L
On en déduit

X' =a(lL — kX)X =aLX(1—kX/L)
C’est I'équation logistique X' = rX (1 — X/K)
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The Verhulst or Logistic Growth

x’ T
A _)
T " ( K
K > 0 is called the carrying capacity
r > (0 Is called the maximal growth rate

Mew Cases of AIDS in The United States
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Mathematical model of the Chemostat

(S8 = D(Sjp —S)— M x
X' = (u(S) - D)X

9

\

S Is the substrate density
X Is the species density

D = @Q/V is the dilution rate
Q) =F;,, = F,, I1s the flow rate and V is the
volume

Y Is the yield coefficient
1(S) is the specific growth rate of the species
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The chemostat : equilibrium point

Ey = (S = Si, z = 0) (washout)

E* = (5*,z%), S* = pY(D) and z* = Y (S;, — S¥)
1~ 1(D) is called the break-even concentration
E* exits and is stable if and only if 1(S;,) > D

e '
A=| P Y
p(S™)x

SN

(S )a” (S )"
Y Y
Hence the eigenvalues have negative real parts

tr(A) = —D <0, det(A)=D > ()
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Inhibition by the substrate

S = D(Si, —S) — 12y
t' = (u(S) - D)z

u(S) = ek is @ Haldane function

equation u(.S) = D can have two solutions
S7 < 55

Ef = (57, Y (S, — S7)) exists if and only if
ST < S;,. Itis stable.

E; = (55, Y (S, — 53)) exists if and only if
Sy < Sip. Itis unstable and Ej is stable.
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Inhibition : washout

0.8
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Inhibition :

one equilibrium
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Inhibition :

bistability
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Competion In the chemostat

S" = D(Sip —85) — u1(S)x1 — pa(S)xs
vy = (m(S) = D)z
Ty = (p2(S) = D)z
Break-even concentrations : \; = p; (D)
Ey= (5= Siy,z1=0,29 =0)
Ei= (5= M,21 =8 — A,x2 =0)
Ey=(S=MX,x1=0,29 = S;, — \9)

If A\ < Ao then Ej Is stable and £y and FE, are
unstable
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The Competitive Exclusion Principle

If \y < Ao then E; = (A1, S;, — A1,0) is a globally
asymptotically stable (GAS) equilibrium.

The solutions with positive initial conditions
converge to

S:)\l, xleZ- —>\1, ZIZ‘Q:O

At equilibrium E; the species z, IS excluded

the CEP is Iin contradiction with the
observations

The mathematical model is not good : find
mechanisms that explain the coexistence
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Hansen and Hubbel experiments

N2
|

_ 1 p1SNy 1 p2SNo
D(SO S) yl K145 y2 Ko+S

/ p1S Ny
N1 Kq1+5 DN,

/! ,LLQSNQ
Ny = Ko+S DNy

S = J; is defined by -~ K+S =D

D

J;, = K;
p; — D

If J, < Jy then the species N; wins the compettion
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Hansen and Hubbel experiments
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Single-Nutrient Microbial Competition: Qualitative Agreement
Between Experimental and Theoretically Forecast Outcomes

Abstract. When microbial strains compele for the same Nmiting nutrient in contin-
uous culture, resource-based competition theory predicts that only one strain will
survive and all others will die out. The surviving strain expecied from theory will be
the one with the smallest subsistence or “*break-even" concentration of the limiting
resource, a concentration defined by the  parameter. This prediction has been con-
Jirmed in the case of auxorrophic bacterial siraing competing for limiting tryptophan.
Because the value of I can be measured on the straing grown alone, the theory can
predict the qualitative outcomes of mixed-growth competition in advance of actual

compelition,

In the past 20 years a mechanistic the-
ory of microbial competition has been
under development (1), an extension of
the theory of single-strain growth in con-
tinvous culture formulated independ-
ently by Monod (2) and Novick and Szi-
lard (), This theory generates a critical
parameter J which, in principle, can be
used 1o predict the surviving strain in
mixed-strain culture on a single limiting
nutrient. We now report specific experi-
mental tests that support the J criterion
as a means for successfully predicting
the competitive outcome when the limit-
ing resources are known,

For two competing strains grown in
mixed continuous culture, & laborato

el e e R el | Tt el R s T T

ing nulricot, and D represents the in-
fluent and effluent rates of medium, For
the ith organism, N, is the concentration
of cells in the culture, D is the death rate
due to cell outflow, gy is the maximum
per cell division (birth) rate, ¥ is the
yield (cells per unit of nutrient), and K,
is the half-saturation constant for the
limiting resource (4).

Hsu er al. (§) have mathematically an-
alyzed the global asymptotic behavior of
Eq. I and its extension to an arbitrary n
compeling species or straing, They have
proved that any system governed by the
m-apecies generalization of Eq. | will ap-
proach a globally stable equilibriem, in
which either (i) all competitors die out

- A, and lim 5= J,. These results
bave been extended to cases of unequal
death rates, in which case the D's are
subscripted for each species in Egs. 1
and 2 (7). The parameter J, defines the
subsiste noc concentration of the imiting
resource for the ith species, and the
steady-stale concentration of the re-
source when ith species is grown alone.
The J criterion for competitive ability
is nonobvious and requires experimental
verification. It could not have beea pre-
dicted from classical theories of com-
petition (). A priori it might have been
capecied that the winner would always
be the species with the highest affinity
[Inwgu.!‘.]r-m'thcmu'itﬂ.wpﬂhqn
the organism with the highest intrinsic
mie of increase; in fact there are conflict-
ing opinions on this question 7). How-
ever, the extended theory of Monod and
of Movick and Szilard asserts that it is
ncihually a weighted K, value which is
n‘"ﬂi:ﬂhmmp:ﬁﬂuﬂ:ml-—ﬂihv
ed by the ratio of the death rate 1o in-
trinsic rate of increase. Thus, a species
with a higher affinity for the resoarce
may ncvertheless lose if it also bhas a
bower intrinsic rate or higher death rate.
The theory also asserts that winning will

be independent of the growth efficiency — o 22/



muous culture formulated independ-
ntly by Monod (2) and Novick and Szi-
ard (), This theory generates a critical
arameter J which, in principle, can be
sed 10 predict the surviving strain in
tixed-strain culture on a single limiting
utrient. We now report specific experi-
ental tests that support the J criterion
i & means for successfully predicting
he competitive ouicome when the limit-
g resources are known,

For two competing strains grown in
ixed continuous culture, a laboratory
lealization of an environment with a
onstant carrying capacity, the equa
ons of growth are

5
it
e = 51D - B SN _ oy SNy
I -T:H . E‘I +J‘ ¥ iy + 5
r-ﬂ“'l"t H.1£ 3 I"lII
dt K, +38§ el
d”i .IHE'Nr
- -D' N
B R e

here § is the concentration of the one
niting nutrient in the culiure (all other
rients supplied in excess of demand),
is the input concentration of the limit-

Table 1, Uptake and growth parnmeters for competing bacterial strains.

die to cell outflow, gy is the maximum
per cell division (birth) rate, y is the
yield (cells per unit of nutrient), and K,
is the half-saturation constant for the
limiting resource (4),

Hsu ef al. () have mathematically an-
alyzed the global asymptotic behavior of
Eq. I and its extension to an arbitrary a
cempeling species or strains. They have
proved that any system governed by the
n-species generalization of Eq, 1 will ap-
proach a globally stable equilibrium, in
which either (i) all competitors die out
("'washout™), or else () one species sur-
vives (6). Which species survives, or
whether total washout occurs, depends
on 5y and on the J parameters for each
species or strain, For the ith species, the
J parameter is

-x

where rp = (g, = D} >0, the intrinsic
rale of increase of the Ah species, With
no loss of gencrality, number the species
such that their Fs are ordered,
h<l=<..,<J,. Total washout oc-
curs if J, > 5, such that lim N, = 0,
{=1,...n and lim § = 5, However,
il J; < 5, then species 1 survives and
outcompetes all rival species, such that
lim Ny = y,(Sy = J,), im Ny = 0, { = 2,

(2)

e (PR e SRl SRR,

rie of increase; in fact there are conflict-
ing opinions on this question (7). How-
ever, the extended theory of Monod and
of Novick and Szilard asserts that it is
actually a weighted K, value which is
critical 1o compelitive success—weight-
ed by the ratio of the death rate 1o in-
trinsic rate of increase. Thus, a species
with a higher affinity for the resource
may nevertheless lose of it alswo has &
kower intrinsic rate or higher death rate.
The theory also asserts that winning will
be independent of the growth efficiency
(yreld) of the species grown on the limit-
ing resource.

To make a rigorous test of the J crite-
non in continuous culture requires proofl
thal (i} if two sirains have equal s and
I¥s, the strain with the lower X, wins:
(id} if two straing have ideatical K,'s and
[¥s, the strain with the higher r wins;
and (if1) if two strains have different K,'s
and r's, but in spite of this still have ides-
tical Fs, then the specics or strains will
coexist indefinitely. We have conducted
all three of these tests with auxotrophic
bacterial strains that require an exoge-
nous source of tryplophan for growth.
The competition experiments were coa-
ducted in two parts. First, the K, and u
perameters were measured for cach bac-
terial strain grown alone in batch culture

.hl:l.'l'l:'l-ll'l'ﬁl'lll.-" || P
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a) Experiment 1: Strains differ principally in their half-saturation constants for tryptophan, and PAO283 loses to C-8 as predicted. (b)
rent 2: Strains differ in their intrinsic rates of increase, but not in their half-saturation constants, and C-8 nal"spec® loses to f:':-ﬂ na:l'npac' as
d. (c) Effect of nalidixic acid on intrinsic rate of increase of strains C-8 nal*spec” and C-8 nal'spec®. (d) Experiment 3: Strains differ in the
uration constants and in their intrinsic rates of increase, but nevertheless have identical J parameters, and the strains coexisted for the
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The Competitive Exclusion Principle
2

o 251
D* 0.8

0.6-.

0.4—-

021
0 - T
0 2

If D < D*then A\ < Ay : the species x; survives
and the species x, disappears.

If D > D*then A\, < \; : the species x, survives
and the species r; disappears.
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Global behaviour

n

G
S =D(S"—§) - L2
( ) Z,_ZlbiJrSYi
) .
LU; — {birs DZ} X;, 1=1---n.

Assume that \; < Ay < --- < \,,. Hsu proved the
global asymptotic stability of £} using the function

S x n
0'—)\1 15—33?
V:/ d0+c/ dé + g CiT;,

1

where ci:; G-, and o} = DYls Al.
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A text book on the chemostat

Hal L. Smith, Paul Waltman (1995),
The Theory of the Chemostat
Dynamics of Microbial Competition
Cambridge Studies in Mathematical

Biology (No. 13)
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