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La réalité?
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Chlorophenol degradation

e S, and Xy, are the chlorophenol substrate and biomass
concentrations

e Spn and Xpy, those for phenol and Sy, and Xy, those for
hydrogen

® Yon, Ypn and Yo are the yield coefficients,

e 224/208 (1 — Yy ) represents the part of chlorophenol
degraded to phenol,

e 32/224 (1 — Yyn) represents the part of phenol that is
transformed to hydrogen

Growth functions take Monod form with hydrogen inhibition acting
on the phenol degrader.

_ km,chsch 5H2
fo (Sens Smiz) = Ks,cht+Sch Ks g ,c+SH,
_ _kmpnSpn 1 _ _kmnySH,
A (Sph’ S, ) = Ks,ph+Sph 1 ¢ SHy f2 (S.) = Ks Hy+5SH,
Ki Hy

Wade et al. 2015
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Chemostat : S; M X1

D(S"—S1) — kp(S1)X
X1 = —DX + p(S1)X

=
Il

e S; : concentration of substrate

e Xj : concentration of bacteria

Si" : input concentration of substrate
D = Q/V : Dilution rate

kq : stoichiometric coefficient

u1(-) : specific growth functions




Matrice de Petersen—Gujer

e Le modele )
S= D(Sin—5) —u(S)%
X = —-DX +u(S)X

e est représenté schématiquement par la matrice

Components — | 1 2 | Rates
j Process | S X
1 Uptake of S |-+ 1]|u(5)X
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Chemostat : Stabilité des équilibres



Détermination des équilibres Portrait de phase

5= —pu(s)x + D(sin — )

* X = p(s)x — Dx
5= —p(s)x + D(sin — ) x*=0 u(s*)=D
= or
Xx = p(s)x — Dx s =5 X* = iy — s*
lessivage équilibre positif ] \
[ —wu o —
1 < ] N
D f t —
: Lo ) ———
st Sin Portrait de phase

st Sin S Sp Sin

croissance monotone croissance non monotone
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Chemostat : Diagramme opératoire

Apart from the two operating (or control) parameters, which are
the inflowing substrate s;, and the dilution rate D, that can vary,
all others have biological meaning and are fixed depending on the
organisms and substrate considered



Diagramme opératoire
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Mixed culture :

51MX1+52, SQMXQ

D(S]"— S1) — kupa(-)X1

*DXl + /1/1(~)X1
—-DS; +  kapa () X1 — kopo(+) X2
—DX5 +  u2()Xo

51, S, : concentrations of substrate and product

X1, X5 1 concentrations of bacteria

Sin - input concentration of substrate
D : Dilution rate

ki, ko, k3 : steochiometric coefficients (inverses of yields)

w1(+), p2(+) : specific growth functions
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Chemostat
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Commensalisme

Etat d’animaux ou de végétaux vivant associés 3 d'autres espéces
et profitant de leurs aliments sans leur porter préjudice.
http ://www.cnrtl.fr/definition/commensalisme



Commensalism

‘Two populations of microorganisms which grow in a mixed culture
and interact in such a way that one population (the commensal
population) depends for its growth on the other population and
thus benefits from the interaction while the other population (the
host) is not affected by the growth of the commensal population
constitutes an example of commensalism.

pa() = pa(S1),

p2() = pa(S2)

are monotone increasing (Monod) or can exhibit a maximum if
the growth is inhibited at high substrate concentrations (Haldane)

S = D(SI"-S) —
Xi = —DX +
S, = -DS; +
Xo = —DX» +

Stephanopoulos 1981

kspa(S1)X1

p(51)X

ki1 (S1) X1 — kopio(S2) Xo
12(52)Xo



Commensalism

S = D(SI"—S)) — ksui(S1)X1

X, = —-DXi +  n1(S1)X
S = -DS, + ki (S1) X1 — kapa(S2) X2
X, = —DXp +  p2(S2)Xo

e Solve the first and second equations for Sy, X3

e Use this result is the remaining equations to find Sz, Xo

e Consequently S; and Xj are the same in pure and mixed
culture experiments

e In contrast to this, synthrophic associations exhibit a mutual
dependance of the two members of the food chain

Reilly 1974, Stephanopoulos 1981,
Bernard et al. 2001, Benyahia et al. 2012
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Modele AM2

S = D(S"—S1) — kua(S1)Xa

Xl = —OéDXl + Ml(Sl)Xl

S = DS —%) + kuyu(S1)X1 — kopi2(S2)Xo

Xo = —aDXs + u2(S2)Xo

m151 m252
S == 5 =
/’Ll( 1) Kl 4 517 /1’2( 2) K2 + 52 4 522/K1

0 = D(S" - S1) — kapa(S1)Xa (6)
0 = (ua(51)—abD) X (7)
0 = D(Sé'" — 52) + k1u1(51)X1 — kzuz(SQ)Xz (8)
0 = (p2(52) —abD)X; (9)

Bernard et al. 2001, Benyahia et al. 2012



Matrice de Petersen—Gujer

$1 = D(S1in — S1) —kipa(S1)X1

X1 =-DX; +11(51) X1

S2 = D(Sain— 52) +hkopa(51)X1 — k3pa(52) X2

Xo =-DXp +H2(52) X2

Components — i | 1 2 3 4 Rates
j Process | S1 S X1 X
1 Acidogenesis —ki ke 1 0 |pi(S1)Xe
2 Methanogenesis 0 —k3 0 1 |pAS2)Xe
Hi1max S1 H2max S
5 = 5 g
(51 Ki+ 51 H2(5) Ky + Sy + S3/K;
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Syntrophie

syntrophe, adj.[En parlant d'une souche de bactéries ou de
champignons] Qui n'est capable de se développer sur un milieu
nutritif minimal que quand elle est associée a une autre (d'apr.
Méd. Biol. t. 3 1972).

syntrophie, subst. fém. Aptitude de deux cellules ou de deux
souches bactériennes a étre syntrophes (d’apr. Méd. Biol. t. 3
1972).

http ://www.cnrtl.fr/definition /syntrophie



Syntrophy

S = D(SI"—S1) — k3pa(S1, $2) X

X1 = (51, 5)X1 — DXa

Sy = kipi(S1,52) X1 — DSy — kopin(S2) Xo
Xo = p2(S2)Xa — DXo

e The first organism is inhibited by high concentrations of the
product S,

e Therefore, the extent to which the substrate 57 is degraded by
the organism Xj depends on the efficienty of the removal of
the product S, by the bacteria X

e Bistability cannot occur

Wilkinson et al. 1974, Kreikenbohm & Bohl 1986, Burchard 1994,
El Hajji et al. 2011, Harvey et al. 2014



Syntrophic associations

e El Hajji et al. 2011 : General functions satisfying

duo
0, —>0
<0, ds, >

O
051

O

>0, 25,

e The system has not a cascade structure : the determination of
steady states is more delicate.

0 = D(SI"— S1)— kspa(St, S2)X

= p1(S1, 52)X1 — DX;

kip1(S1, $2)X1 — DSz — kopo(S2) X2
= u2(52)X2 — DX3

o o o
Il
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Anaerobic Digestion

e Sin ¢ Volatile fatty acid| |Pm : Hy

X1<_ /

Hydrogen inhibits the
growth of acetogens

V.F.A inhibits the
l growth of methanogens
B
EIN

Xo

CHy



Inhibition of X, by 5;

S; = D(SI"—S1) — kap1(S1, $2) X

X1 = p(S1,5)X1 — DXy

So = kypa(S1,52)X1 + D(S — S3) — kopio(S1, S2)Xo
Xo = pa(S1,5)Xo — DX;

e The first organism is inhibited by high concentrations of the
product S,

e The second organism is inhibited by high concentrations of
the substrate S;
o Ifg—gfi>03ndg—g<0andg—‘§<03ndg—‘§>0astable
coexistence steady state can occur. Also bistability can occur.
Kreikenbohm & Bohl 1988, Sari et al. 2012



Rescaling

k in
51, X1 = k1X1, Sy = 52, X = k2X2, 51 = —5 Sm
51 = D(S in _ 51) — fl(Sl, 52)X1
).<1 = fl(Sl 52)X1 DX1
S = D(S n _ 52) — f2(51,52)X2 -+ )(1(517 52)X1
)-<2 = f2(51 52)X2 — DX2

where

k: k
fi(s1,s2) = 1 (351,52) f(s1,52) = w2 (351752>
kl kl



Reduction to the plane

s = D(si"—s)— fi(s1, )

x1 = f(s1,s)x1 — Dxy

5 = D(s} N 55) — fa(s1,)x2 + F(s1, $2)x1

xp = fs1,)x2 — Dxy
Notice that

= D(s{” —71), zZ1=5 +x1
= D(sé"’ — 27), Z=5+X —x1

Thus

s1(t) +x1(t) = s, sy(t) + xo(t) — xu(t) — si"

We can restrict the study to the positive invariant attractor

4 . .
Q= {(sl,xl,sz,xz) ERL : si+x1=51", S2+x—x = sé”}
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ADM1 : Propionate degradation

dS,r
P2 = D (Spro,in - Spro) - fb (Spro; SH2) Xpro

o
% - _DXpro + Yproﬂ) (SprOa SH2) Xpro - kdec,proXpro
ds
7"/2 = 7DSH2 +0.43 (1 - Ypro) fb (Spl’oa SHZ) Xpro - fl (SHZ) XH2
dX

dtHz = —DXuo + Yh2fi (SH2) XH2 — Kdec,H2XH2

® Spro and Xpo are propionate substrate and biomass
concentrations, Sy and Xy, are those for hydrogen

® Yoo and Yo are the Yield coefficients and 0.43 (1 — Yp0)
represents the part which goes to hydrogen substrate

km roS ro 1 km 5
fo (Spros Shz) = ——PrO=P . (Spp) = R

Ks,pro + Spro 1+ kngzz KS,HZ + SH2

Xu et al. 2011



Maintenance does not affect the stability

dff;m = D (Spro,in — Spro) — fo (Spros SH2) Xpro

% = —DXpro + Yprofo (Spros SH2) Xpro — kdec,proXpro

% = —DSH2+ 0.43(1 = Ypro) fo (Spros SH2) Xpro — fi (SH2) XH2
d)cj;ﬂ = —DXuz + Yh2fi (SH2) Xz — Kdec,H2XH2

e Xu et al. 2011 : For ADM1 consensus parameter values, the
positive steady state is stable as long as it exists (numerical
verification)

e Sari & Harmand 2014 : for all values of the parameters the
positive steady state is stable as long as it exists

Xu et al. 2011, Sari & Harmand 2014



Change of notation

So = D(S§" — So) — fo(So, S1)Xo

Xo = Yofo(So, S1)Xo — DX — a0 Xo

S1 = Yafs(So, S1)Xo — DS1 — A(S1) X1
X1 = Yif(S1)X1 — DX; — a1 Xy

e Maintenance does not affect the stability of the food chain,
for general growth function

0fy ofy dfy
6750>07 8751<0, TSI>O

Sari & Harmand 2014



Rescaling

Y- 1 . .

so = Y250, Xp = 72X07 s1 =51, x1 = VIXL sy = Y25y

ds .

d70 = D(sy" — s0) — 10(s0, 51)x0

dx

7: = —Dxo + 1o(S0, 51)Xo — a0x0

ds

dTl = —Ds; + po(so0,51)x0 — p1(s1)x

dx

7; = —Dx; + Ml(Sl)Xl — a1xy

where

1
to(so,s1) = Yofo (7250751) , pa(s1) = Yifi(s1)



Steady states

% = D(sf" — s0) — po(s0, 51)x0

% = —Dxo + po(s0, 51)x0 — a0x0
% = —Ds1 + po(s0,51)x0 — pa(s1)x
% = —Dxi+ p(s1)x1 — axa

e S50 : xp = 0, x; = 0 where both species are washed out.

e SS1: xp > 0, x1 = 0, where species x; is washed out while xg
survives.

e SS2 : x9 >0, x; > 0, where both species survives.
Xu et al. 2011, Sari & Harmand 2014



Operating diagram without (a) and with
(b) maintenance effects

Y4 Lo S
Lo
i r, T
7 =
(a) s (b, S
Region SSO  SS1  SS2

(36”, D) e Jo S
(sg, D) € Jh U S
(Sén, D) c jg U U S
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dXCh
dt

dXon
dt

d X,

dt
dSch

dt
dSpn
dt

dSu,
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Chlorophenol degradation

= _DXch + Ycth (Scha SHQ) Xch - kdec,chXch

- _DXph +

th fl (Sph> SHQ) Xph - kdec,pthh

= _DXH2 + YHQf2 (SHQ) XHQ - kdeC7H2XH2

=D (Sch,in - Sch) -

=D (Sph,in - 5 )

—f (Sph7 SHQ) ph

- (SHQ,il’l - SHQ)
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Chlorophenol degradation

e S., and X, are the chlorophenol substrate and biomass
concentrations

e Spn and Xpy, those for phenol and Sy, and Xy, those for
hydrogen

® Yo, Yph and Yo are the yield coefficients,

e 224/208 (1 — Y,y ) represents the part of chlorophenol
degraded to phenol,

e 32/224 (1 — Y,n) represents the part of phenol that is
transformed to hydrogen

Growth functions take Monod form with hydrogen inhibition acting
on the phenol degrader.

_ km,chs(‘,h 5H2
fo (Sens Smiz) = Ks,chtSch Ks iy ,ctSH,
_ _km,pnSpn 1 _ _kmuy S,
f (Sph’ S,) = Ks pht+Spn 1+ SHy f2 (Sm,) = Ks 1, +SH,
Ki Hy

Wade et al. 2015, Sari et Wade 2015



SS1 & SS6

s L s i

2 3 4
S . . (kgCOD/md)

ch,in

FIG. 2. Steady-state diagram for operational parameters
D and Sch,in in the three-tier chlorophenol model (Sph,in =
SH2,in = 0)

The system has 3 steady states SS1, SS4 and SS6. The diagram
indicates the stable steady states
Wade et al. 2015



Change of notations and resacling

DO = DX + Yoo (50, 52) Xo — 200
dX
T; = —DXi 4+ Y1fi (51, %) X1 — a1 X
B2 = DX + Ve (S2) X - X
ds in
o =D (S %) — (S0, 52) X
ds in
ditl =D (51 - 51) + Ysfo (So, S2) Xo — A (51, 52) Xa
ds; in
d7t2 =D (52 — 52) + Yafi (51, 5) X1 — Ysfo (So, S2) Xo — £ (S2) Xz
Rescaling
Y3Ys Y, 1
Xp = Xo, x1=—-X1, xo=--X
0 YO 0> 1 Yl 1, 2 Y2 1

so = Y3YsSo, s1=VYaS5, =5



Rescaling

dx
(Ttoz —Dxo + po (S0, 52) X0 — a0Xo
dx
d—tlz —Dxy + p1 (s1, %) x1 — a1xa
dx
dit2 —Dxo + p12 (82) x2 — a2x2
dSo
E (50 - 50) o 50,52 X0
ds
(Ttl ( — 51) + 110 (s0, 52) Xo — 1 (s1, 52) X1
d52
P ( — 52) + p1 (s1,52) X1 — wio (s0, 52) X0 — 2 (52) x2
(S s )_ mopSo 52 (S s ) miSsy 1
Ho 072_K0—|—50L0+527 H1 151, 92 K1+511+52/K
mysp Ys 1
p2 (s2)=

K2+S2’ v Y3Yas - 2(1 — Yo)(]. — Yl)



General growth functions

We assume only that the growth functions are positive and satisfy

H1
H2
H3
H4

H5

H6
H7
H8

o (S0, 52) < 400, o (0,52) =0, po (s0,0) = 0.

w1 (s1,82) < +o0, 1 (0,5) = 0.
0 < p2(s2) < —|—oo 12(0) = 0.
% (s0,%2) > 0, 5 852 ° (50, 52) > 0.
%sl (s1,52) > 0,, G (s51,%2) < 0.
92 () > 0.

s > po(+00, s2) is monotonically increasing

s > p1(+400, s2) is monotonically decreasing.

These properties are satisfied by

o (S0, 52) =
w1 (s1,s2) =

moSo So
Ko+so Lo+s2
m1sy 1

Ki+s1 1+S2/K

M2 (2) = 135,



Steady-states when si* = si* =

[0 (S0,52) — D — ag] xo = 0

(11 (s1,8) = D —ai]xi =0

[12(s2) =D —a]x2 =0

D (sé“ — so) — po (S0,52) %0 =0

—Dsy + 110 (s0,52) x0 — 11 (s1,8)x1 =0

—Dsy + 11 (51,52) X1 — wpto (S0, 52) X0 — p2 (82) X2 = 0

° X():O:>X1:OandXQZO,Xl:0:>X0:03ndX2:O

® If xp =0, then (4) = sp = én and (5) = Ds1 + pi(s1,s2)x1 =0, Thus s =0
and p1(s1,s2)x1 = 0. Therefore (2) = x; = 0 and (6) = Dsy + pa(s2)x2 =0
Thus s, = 0 and p2(s2)x2 = 0. Therefore, (3) = x» = 0.

® |f x; =0, then (6) = Ds; + wuo(so, 2)x0 + p2(s2)x2 = 0. Thus s, =0,
1o(s0,s2)x0 = 0 and pa(s2)x2 = 0. Therefore, (1) = xo = 0.



Steady-state SS1

e Proposition 1. The only steady-state, for which xg = 0 or
x1 = 0, is the steady-state

SS1 = (Xo :O,Xl = O,Xg = O,So :S(i)n,sl :0,52 = 0)

where all species are washed out. This steady-state always
exists. It is always stable.

Besides the steady-state SS1, the system can have at most two
other steady-states.
e SS2: x5 >0, xg >0 and xo = 0, where species x, is washed
out while species xp and and xj exist.
e 553:xp >0, x31 >0, and xo > 0, where all populations are
maintained.



SSZZXO>0,X1>OandX2:O

[0 (S0,52) = D — ag] xo = 0

(1 (s1,%2) =D —a1]xa =0

[12(s2) =D —a2]x2 =0

D (3" — s0) — 10 (50, %2) X0 = 0

—Dsy + 110 (s0,52) x0 — 11 (s1,8) x1 =0

—Dsy + 11 (51,52) X1 — wpto (S0, 52) X0 — p2 (82) X2 = 0

® If xp > 0 and x; > 0, then, (7) and (8) imply po(sp,s2) = D + ag and
p1(s1,52) = D+ a1. Hence, s = My(D + ag, s2) and s; = Mi(D + a1, sp).
® (10) and (11) imply xo = 2

D ( in _
D+ag
® Therefore

52 (54" — 50— 51)

(sir — sp) and x; =

12) = —s + (s(")n — 50— s1) — w(sé“ —s50)=0
If w > 1 this equation has no solution. If w < 1 this equation is equivalent to
s1+ s

sé“:so—I— .
1l—w



Steady-state SS2

Proposition 2. If w > 1 then SS2 does not exist. If w < 1 then
SS2 exists if, and only if, si* > F1(D). If si* > F1(D) then each
solution s, of equation 1)(sp) = si* gives a steady-state

SS2 = (Xo, X1, X2 = 0, 50, S1, 52) where

Sp = Mo(D + 30,52), S1 = Ml(D+ 31752)

(sg" —s0), x1= (sg" — so — s1)

0= DA D+ a

So = Mo(D+ 30,52) ~— D+ ap = Mo(So,Sz)
s1=M(D+ a1,%) <= D+ a1 = ju1(s1, 2)

Ml(D + 31752) + 5
1—w

)

1/)(52) = Mo(D + ao, 52) +

F1(D) = ing¢(52)



The function 9(s;) and Fi(D)

The function )(s,) = Mo(D + a9, sp) + MPFans)ts o

1-w
defined for s3 < s < s3 where s3 and s3 are given by

pio(+00,89) = D+ ap, p1(+00,51) = D + a1
Y(sp) > 0 for 53 <5< 521 and

lim 1(s2) = lim ¥(s2) = 400

So— 52 So—r 52

We define F1(D) = inf52€(sg_,521) ¥(s2)

If si* > F1(D) then equation v(s2) = si* has exactly two
solutions denoted by s5 and sg. To these solutions, s} and sg,

correspond two steady-states of SS2, which are denoted by
$S2” and SS2¢.



SS3ZXO>0,X1>OandX2>O

[0 (S0,52) = D — ag] xo = 0

(1 (s1,%2) =D —a1]xa =0

[12(s2) =D —a2]x2 =0

D (3" — s0) — 10 (50, %2) X0 = 0

—Dsy + 110 (s0,52) x0 — 11 (s1,8) x1 =0

—Dsy + 11 (51,52) X1 — wpto (S0, 52) X0 — p2 (82) X2 = 0

® |f xp >0, x; >0 and xo > 0, then, (13), (14) and (15) imply
1o(so0,s2) = D+ ao, pa(s1,s2) = D+ a1 and po(s2) = D + ap. Hence,
Sy = MQ(D+ 32), so = Mo(D+ 20,52) and s; = Ml(D+ 31752).

® (16), (17) and (18) imply xo = Dfag (sit —s0), x1 = #al(sé“ —sp —s1) and
Xo = %22 ((1 —w)(si* — sp) —s1 — 52)

® x> 0iff si* > (s2)



Steady-state SS3

Proposition 3. If w > 1 then SS3 does not exist. If w < 1 then
SS3 exists if, and only if, s3* > F»(D). If sg* > F2(D) then the
steady-state SS3 = (xo, X1, X2, S0, S1, S2) IS given by

So = M()(D + ao, M2(D + 32))

S1 = Ml(D + ai, M2(D + 22))

s = Ma(D + ap)

and
D in D in
XO:D—I—BO(SO —50), Xl:D—I—al(SO —50—51)
D .
0= g (1= w)(sh = 50) = 51— )

Sy = MQ(D + 82) <~ D+ a = /1,2(52)
F2(D) = ¢ (M2(D + a2))



Notations

So = MO(D + 30,52) < D+ a0 = /JO(SO./S2)
s; = My(D + ap, s2) <= D+ a1 = pi(s1, $2)
So = M2(D + 82) <~ D+ a = MQ(SQ)

Mi(D + a1,s) + s2
1—w

)

Y(s2) = Mo(D + a0, 52) +
F1(D) = i22f¢(52)

F2(D) = ¢ (M2(D + a2))

Since F1(D) < F2(D), the condition si* > F(D) for the existence
of SS3 implies that the condition sl > F>(D) for the existence of
SS2° and $S2 is satisfied.
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Model without maintenance
The change of variables

Zp =S +X0, Z1=S1+X1—X0, 2Z2=S+X +wXxg— X1

Therefore, the model with ag = a; = a» = 0, become

dx
dX1
a = —DX1+M1(21 —|—X0—X1,Z2—CUX0+X1_X2)X1
dx;
d—: = —Dx» + 2 (22 —wxp +Xx1 — X2)X2
dZO o in
E — D (So - ZO)
dz;
—— —=_D
dt “
d
22 = —D22

dt



Stability without maintenance
Proposition 4.
e SS2 is stable if, and only if, u2(s2) < D and Z—;ﬁ > 0.
e If F3(D) > 0 then SS3 is stable as long as it exists.
e If F3(D) < 0 then SS3 is stable if, and only if, Fs (D, s(i)n) > 0.

_ 4

F3(D) a d52

(Ma(D))
Fa (D,55") = (Elxoxo + [E(G + H) — (1 = w)FG] xox)s
+ (Ix2 + (G + H)x1 + wFxp) Glxixz
where f, = Ixo + (G + H)x1 + (E + wF)xo and

_ 9 _9ng _9m —_ 9 _dug
E= 9dsq ’ F= sy ? G= sy ? H=~ sy’ T dsy

evaluated at the steady-state SS3, that is to say, for
sy = My(D), so=Mo(D,s), s1=M(D,s)
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Effluent

Fio. 4. — Montage d'un appareil a croissance continue. N, nourrice; Srp, ser-
pentin capillaire; C.G., comple-gouttes;: R, ballon rotalif; Ty, tubulure
d'arrivée; E, tubulure d'ensemencement: Pr, tubulure de préléevement (en
pointillé, fiols de prélévement): T,, tubulure de niveau; P, produit;
M, moleur.
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