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Le chemostat : une espece

{ S'(t) = DISin —S(0)) — ku(5(0)) X (1)
X'(t) = [u(S(t)) — D]X(t)
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Les inventeurs du chemostat

Novick A. and Szilard L. (1950), Description of
the chemostat. Science, 112, 715-716

Monod, J., La technique de culture continue
theorie et applications. Ann. Inst. Pasteur, 79,
390-410, 1950
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Exemples de cinétiques v

Linéaire
p(S) = s
Monod
(5) = 55
Haldane
mazo
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The chemostat : equilibrium point

(

S = D(Sy —8)—4“x
X' = (u(8)-D)X

w(S) =D S=p (D)
Ey = (S = S, X = 0) (washout)

E* = (S*, X*), S*=pu (D) and
X*=Y(S;, — 5*)

1~ 1(D) is called the break-even concentration
E* exits and is stable if and only if 1(S;,) > D
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Inhibition by the substrate

S = D(Si, —S) — 12y
t' = (u(S) - D)z

u(S) = ek is @ Haldane function

equation u(.S) = D can have two solutions
S7 < 55

Ef = (57,Y (S, — S7)) exists if and only if
ST < S;,. Itis stable.

E; = (55, Y (S, — 53)) exists if and only if
Sy < Sip. Itis unstable and Ej is stable.
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Inhibition : washout

xxxxxxxxx
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Inhibition :

bistability

50

1.8
1.6
1.4+
1.2

0.8
0.6 1
0.4
0.2

10

—n. 9/



La flocculation

The species is present in two forms: isolated
bacteria, of density X, and flocks of bacteria, of
density X 4.

Isolated bacteria and flocks can stick together to
form new flocks, with rate «(-).X;, and flocks can

split and liberate isolated bacteria, with rate 5(-) X

a() X B(-)Xa

Xy

? XA) XL <

X4.

{s' — Ds(Sin — S) — nr(S) Xz — 11a(S)X 4

>
|

(1r(S) — Dr)Xp — o) X + 6(-) X4
(pa(S) — Da)Xa+al-) Xy — B(- )XA

5.
]
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Attachement (wall growth)

O‘() — &, 6() =b

S = Ds(Sin—5) — pr(S) X1 — pa(S) X4
XL — (/LL(S)—DL)XL—CLXL—I—[?XA
X4 = (/LA(S)—DA)XA—I—CLXL—[)XA

Pilyugin and Waltman (SIAM Appl. Math.,
1999).

Ce modele est un cas particulier du modele de
Freter (1983) de l'intestin.
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Modele de Freter

a(-) =all =W, B() =b+ pa(S)[1 — G(W)]
aveCc W = X 4/ X anmax €t G(W) décroissante

S = Ds(Sin—5) — pr(S)Xr — pa(5)Xa

XL = (,LLL(S) —DL)XL—Q(l —W)XL
+bX 4+ pa(S)|1 — GW)| X4

X4 = (pal(S)GW) = Dy X4+ all — WXy

Pour X 4pux = 0c00Onall =0
sideplusG(0)=1onaa(:)=a, 6(-) =1



Flocs a deux individus

o) =aXy,  B()=b

S = Ds(Sin—5) — pr(S) X1 — pa(S) X4
XL — (/LL(S) —DL)XL—CLX%—I—[?XA
X4 = (/LA(S)—DA)XA—I—CLX%—[)XA

1na(S) =0: Haegeman et Rapaport (JBD,
2008)

na(S) < pr(S) : Fekih-Salem, Rapaport, Sari
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Flocs indiferenciés

alr) = a(Xp+Xa),  B()=0

S = Ds(Sin—5) — pr(5)Xr — pa(5)Xa
Xr = (ur(S) — D)Xt

—a(XL + XA)XL + bX 4

(1a(S) — Da)Xa

+a( X + X4)Xr — bX 4

X

C’est I'objet de notre étude. Les détails seront
donnés plus tard
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Modele géeneral

S — DS(Sm_S)_NL(S)XL_,UA(S)XA

Xr = (u(S) — Dr)Xy,

| Oz(S XA,XL)XL—I—ﬁ(S XA,XL)X

X4 = (na(S) —Da)X4
—|—Oé(S,XA,XL)XL—ﬁ(S,XA,XL)XA
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Dynamique reduite

Si on suppose que «(-) et G(-) sont “grands”, alors
la biomasse totale X = X + X4 est donnée par

S — DS(Sm — S) o M(Sv X)X
{ X = [pu(S, X) — D(S, X)] X

avecC
(S, X) = p(S, X)ur(S) + (1 — p(S, X)) pa(S5),

D(S, X) = p(S, X)DL + (1 — p(S, X))DA
ou p(S, X) dépend des fonctions «(.) et 5(.)
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Deux échelles de temps

Xy = (ur(S) — D)X — a(-)Xp + 6()X

{ S = Dg(Sin—95) — pr(8) X1 — pa(S) X4
Xa = (palS) —Da)Xa+a()Xp —6()Xa

X = (ur(S) = D)Xz + (pa(S) — Da)Xa
ou X = Xy + X4 est la biomasse totale.
Les equations de X et X4 sont rapides,
cellesde S etde X = X; + X4 sont lentes

On fait comme si X; = 0 et X4 = 0

—n. 17/



Etat guasi-stationnaire

OK(S, XL: XA)XL — ﬁ(sa XL: XA)XAv
Xr+ X=X
On écrit la solution sous la forme

XL:p(SvX)Xv XA:(l—p(S,X))X

gue I'on remplace dans les équations de S et de X
pour trouver

S = Dg(Sin — ) — u(S, X)X
oA Ay
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Exemples

Flocs a deux individus :

a() ==Xy, Bl)=

€
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Modele réduit

{ S = Dg(Sin — S) — (S, X)X
X = [u(S, X) - D(X)] X
(S, X) = p(X)pr(S) + (1 —p(X))pa(S),
D(X) = p(X)Dr + (1 = p(X))Da4.
ur(S) et ua(S) croissantes et 1y (S) > pa(S)
Dy > Dy (on peut prendre D, = Dy).
0 <p(X) <1, p0) =1 p(eo) =0,p(X)<0.



Les equilibres

Dg(Sin —5) — (S, X)X =0
{ 1(S, X) — D(X)] X =0

Si X =0alors S =5, Ey = (S, 0).

Siu(S,X)=D(X), alors

Ds(S;, —S) = XD(X). On obtient

XD(X)

S:G(X) .= Sz DS

La fonction G(X) est decroissante.
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Les equilibres

Notons
Ap=pp (D), Aa=py (Da).
Léquation u(.S, X) = D(X) définit S = F(X)
telle que F(0) = Ay et Fi(c0) = Aa.
Si A\; < A4 la fonction F est croissante.

Si \;, < S;,, alors il y a un unique équilibre
positif. 1l est stable.

Si \;, > S;,, alors il n'y a pas d’equilibre positif.
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Les équilibres

Si A\; > M4 la fonction I’ est décroissante.

Si A\, < S;,, alors il y a au moins un équilibre
positif. Il peut y avoir un nombre impaire. lls
sont alternativement stables et instables.

Si A, > S;,, alors il peut y avoir 0 ou un nombre
paire d’equilibres positifs. lls sont
alternativement stables et instables.

La présence de biomasse agrégée peut
empecher le lessivage car I'attachement des
flocs (D4 < Dj) vient compenser la croissance
moins forte (ua(S) < pr(9)).
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Simulations numerigues
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Simulations numerigues
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Simulations numerigues
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La compétition dans le chemostat

S/ — D(Sm — S) — ,ul(S)Xl — ILLQ(S)XQ
X1 = (m(S) — D)Xy
Xy = (m(S) — D)X;

Break-even concentrations : \; = u; (D)
Ey= (5= S, X1 =0,29 =0)
Er=(S=XM.X1=8,—X,Xs=0)
Ey=(S=X,X1=0,X0=25;,, — \o)

If A\ < Ao then E Is stable and £y and FE, are
unstable
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The Competitive Exclusion Principle

If \y < Ao then E; = (A1, S;, — A1,0) is a globally
asymptotically stable (GAS) equilibrium.

The solutions with positive initial conditions
converge to

S:)\l, Xlem—)\l, X2:O

At equilibrium E; the species X, Is excluded

the CEP is Iin contradiction with the
observations

The mathematical model is not good : find
mechanisms that explain the coexistence
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Flocculation of two species

Each species Is present in two forms: isolated
bacteria, of density X;;, and bacteria in flocks,

of density X4, fori =1, 2.

|Isolated bacteria can stick with isolated bacteria
with flocks to form new flocks, with rate o;(-) X7;.

Flocks can split and liberate isolated bacteria
with rate 3;(-) X 4;.
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Flocculation of two species

S — D(Sm — S) — ,uLl(S)XLl — MAl(S)XAl
—pr2(S) X1o — a2(S) X a0

Xm — (,LLL1(S) — D)Xm — 041(')XL1 L 51(')XA1

XLQ — (,uLz(S) — D)XL2 — 042(')XL2 in 52(')XA2

XA1 — (MAl(S) — DI)XAl T 041(')XL1 — 51(')XA1

X2 = (pa2(S) — Da)Xao + aa(-) X2 — B2(+) X a2
o) = ai1 X1 + 674'2X27 Bi() = @7

E E
wherea;; andb; are positive constants and
X; = X+ Xy,1=1,2.
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Modele réduit

S = D(Sm T S) _ :ul(Sa X17X2)X1 — :LLQ(Sa XlaXQ)XQ
p1 (S, X1, Xo) — D (X1, Xo)] Xy
p2(S, X1, Xo) — Do( X1, Xo)] X

X = |
X, = |
Avec

i (S, X1, Xo) = pri(5)gi( X1, Xo)+pai(5)(1—g:( X7, X2))

D;(X1,X5) = Dg;(X1, Xo) + Di(1 — g:(X1, X2))

et
i

bi + a;1 X1 + a2 X

gi(X17 XQ) —
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